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Why Probing isotropy and Gaussianity 

T h e c o s m o l o g i c a l p r i n c i p l e a n d 
Gaussianity are main properties of the 
cosmological paradigm. 
 
Simplest models of inflation predicts a 
homogeneous and isotropic background 
with Gaussian perturbations.  
 
The CMB data represents a unique probe 
of those properties:  early universe, linear 
theory.  
 
Those properties are often assumed in the 
estimation of the power spectrum and 
cosmological parameters (both in the CMB 
and LSS). 



Isotropy and statistics 

•  Analyses based on clean Planck CMB temperature and polarization 
maps (not on power spectrum). 

•  In general, no deviations of the CMB from Gaussianity found in 
temperature using a battery of (generic) tests: 
-  Skewness, kurtosis 
-  Multinormality (Nside=32) 
-  N-point correlation functions 
-  Minkowski functionals 
-  Multiscale analyses 

•  In polarization compatibility with the standard paradigm has been 
also found based on a more limited analysis: 
-  Stacking around temperature hot and cold spots 



Gaussianity 

The	standard	model	of	infla4on	predicts	that	the	primordial	
maSer	and	CMB	temperature	fluctua4ons	are	Gaussian.	

Planck	data	shows	consistency	with	Gaussianity!	



Anomalies 
•  Some large scale anomalies were already found in WMAP data 

(e.g. Eriksen et al. 2003, Vielva et al. 2004, Monteserin et al. 2008). 
They were confirmed for the Planck full temperature data, for 
extended and new tests and for the new Planck best fit:  
-  Power deficit at low multipoles 
-  Power asymmetry between hemispheres 
-  Dipolar modulation  
-  Low variance 
-  Cold spot 
-  Point-parity and mirror-parity asymmetry 

•  Planck observations provide a high confidence in the existence of 
those anomalies due to the two independent instruments and the 
quality of the data. 

•   No convincing explanation for the origin of the anomalies has been 
provided 
-  Statistical fluke of the ΛCDM	model 
-  Foregrounds seem to be discarded 
-  Secondary anisotropies are not very plausible (see Marcos-Caballero et 

al. 2016) 
-  Cosmic defects (see however Cruz et al. 2007, Ringeval et al. 2016) 
-  New physics in the early universe (e.g. bubble collisions, superhorizon 

perturbation) 



Hemispherical asymmetry and cold spot 



Hemispherical asymmetry 	

An	 asymmetry	 in	 the	 distribu4on	 of	 the	 structure	 of	 the	 CMB	 sky	 between	 two	
hemispheres	defined	by	a	coordinate	system	whose	poles	are	closed	to	the	Eclip4c	
ones.		



Hemispherical asymmetry 	

The	asymmetry	can	be	seen	as	a	dipolar	modula4on	of	the	primordial	isotropic	
temperature	fluctua4ons:	

(               ) 	x				1	+	0.07																

1	0.7	0.5	0.2	



Cold Spot 
The Cold Spot was first noticed during a global test of Gaussianity of WMAP data performed 
in wavelet space (Vielva et al. 2004). In particular, a clean CMB map was analyzed at several 
scales and standard statistics were computed from the wavelet coefficients. 

{     ,     ,     ...} ⊗



Cold Spot 

The anomalous large area is one of its most robust characteristics. 

p-values (%) of area above 4σ 

A&A proofs: manuscript no. IandS_main

Fig. 15. Modified upper tail probabilities (mUTP, in %) obtained from the analyses the four Planck noise maps (red, Commander;
orange, NILC; green, SEVEM; and blue, SMICA) estimates through the half-ring half-di�erence. As in Figure 13, the panels provide,
from left to right, the results for the standard deviation, skewness and kurtosis of the SMHW coe�cients as a function of the
wavelet scale R. Note that the NILC results are a�ected by the lower number of available simulations.

Fig. 16. Cold and Hot Areas for thresholds ‹ > 3.0‡
R

as determined from the SEVEM temperature map. From left to right, from
up to bottom, the maps are for SMHW scales of R = 200Õ, R = 205Õ, R = 300Õand R = 400Õ.

5.5.4. Peak statistics 890

A natural way to study the CMB is to look at statis-
tics of local extrema (both minima and maxima, which
we will refer to collectively as peaks), as for example was
done for WMAP temperature maps in Larson & Wandelt
(2004, 2005); Hou et al. (2009). Peaks trace topological 895
properties of the map, and their locations and values com-
press information about the CMB sky in a way comple-
mentary to power spectrum, which make them good can-
didates to study potential non-Gaussianity. Peak statistics
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Pixels above 3σ 

Its internal structure 
shows an anomalous 
temperature profile.  
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Fig. 8. Modified upper tail probabilities (mUTP) obtained from the analyses of the SMHW coe�cients as a function of the wavelet
scale R for the Commander (red), NILC (orange), SEVEM (green), and SMICA (blue) half-ring half-di�erence noise estimates. From left
to right, the panels correspond to the standard deviation, skewness, and kurtosis.

Table 8. Modified upper tail probability (mUTP ) for the cold
(top) and hot (bottom) areas. Results are given for the ‹ >

4 ‡R threshold of the SMHW, GAUSS, and SSG84 coe�cients.
The four most significant scales related to the Cold Spot feature
are shown. An ellipsis (. . . ) indicates that no area above that
threshold was found in the data.

Probability [%]
Area Scale Comm. NILC SEVEM SMICA

[arcmin]
SMHW

200 3.8 5.1 3.7 3.8
Cold . . . . . . 250 1.4 2.4 1.4 1.4

300 0.4 1.5 0.4 0.4
400 0.9 0.9 0.9 0.9

200 2.0 2.6 1.7 1.5
Hot . . . . . . 250 2.4 3.0 2.1 2.0

300 4.2 5.0 4.1 3.9
400 . . . . . . . . . . . .

GAUSS
200 1.7 2.7 1.7 1.7

Cold . . . . . . 250 1.2 1.2 1.2 1.2
300 1.6 1.8 1.2 1.8
400 . . . . . . . . . . . .

200 2.9 3.5 2.8 2.6
Hot . . . . . . 250 5.7 6.4 5.6 5.4

300 . . . . . . . . . . . .

400 . . . . . . . . . . . .

SSG84
200 9.4 11.0 9.4 9.0

Cold . . . . . . 250 12.3 13.4 10.8 12.3
300 1.4 2.6 1.4 1.5
400 0.9 1.9 0.8 0.9

200 1.1 1.8 1.0 0.9
Hot . . . . . . 250 4.8 5.1 4.5 4.3

300 . . . . . . . . . . . .

400 . . . . . . . . . . . .

Efstathiou (1987). The integrated number density of peaks,
n

pk

(composed of maxima and minima with corresponding
densities n

max

and n
min

), with amplitudes x above a certain

threshold ‹ = x/‡ is given by
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where ‡ is the rms fluctuation amplitude measured on the
sky, and “ is the spectral shape parameter of the underly-
ing field. Uncharacteristically cold and hot spots are then
manifested as extreme outliers in the peak values, and can
constitute evidence for non-Gaussianity or deviation from
isotropy.

Here, we consider the peak statistics of the Planck

component-separated temperature maps at N
side

= 2048.
The maps are pre-whitened as described in Appendix A.
This step allows the construction of an estimator that is
nearly optimal with respect to the fiducial CMB properties.
After application of the common mask, weighted convolu-
tions of the data are performed with either SSG or GAUSS
kernels of variable scale. In order to avoid potential contam-
ination by boundary e�ects, the mask is extended by reject-
ing pixels with an e�ective convolution weight that di�ers
from unity by more than 12 %. Peaks are extracted from
the filtered map (removing any that are adjacent to masked
pixels), their positions and values are recorded for further
analysis, and their cumulative density function (CDF) is
constructed by sorting peak values. Table 9 presents peak
counts for the component-separated sky maps for several
di�erent kernels and representative filtering scales, together
with the number of peaks that are common to all maps.
There is excellent agreement between the various CMB es-
timates. All statistical inference is then performed by com-
parison of the peak distributions derived from the data with
equivalently processed simulations. As an internal consis-
tency check, the properties of the FFP8 simulations are
found to be in agreement with the predictions of Eq. (26).

Figure 10 presents the distributions of peaks for the
SMICA CMB map filtered with two representative kernels
on scales of 40Õ and 800Õ FWHM. The lower panels show
the empirical peak CDFs as a function of peak value x,
defined for a set of n peaks at values {X

i

} as

F
n

(x) = 1
n

nÿ

i=1

I
XiÆx

, I
XiÆx

©
;

1, if X
i

Æ x
0, otherwise . (27)
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Planck Collaboration: Isotropy and statistics of the CMB

Fig. 26. From left to right: the mean, variance, skewness, and kurtosis angular profiles computed for rings at radii ◊ centred on
the Cold Spot position for Commander (red), NILC (orange), SEVEM (green), and SMICA (blue). The expected value obtained from
the simulations is denoted by the black dashed line and the grey regions represent the 1 ‡ and 2 ‡ intervals.

at a similar level of significance using needlet bandpass fil-
tering of the data, even with large discs, when simulations
are deboosted. Here, in contrast to the 2013 analysis, we
use maps which contain Doppler boosting, for both simula-
tions and data, and therefore we do not detect any Doppler
boost signal when using a large number of small discs.

The low observed significance levels when large discs
are used is due to the cosmic variance associated with the
largest-scale modes. Motivated by the analysis of Fantaye
(2014), and in order to address this issue, we also perform
analyses using a Butterworth high-pass filter,

H(¸) = (¸/¸
0

)4

1 + (¸/¸
0

)4

, (41)

centred at multipoles ¸
0

= 5, 10, 15, 20, and 30. In addition,
the filtering of low multipoles allows us to establish the
contribution of such modes to any detected asymmetry.

Here, based on the analysis of Akrami et al. (2014), we
restrict our analysis to those disc sizes for which 3072 discs,
corresponding to an N

side

= 16 map, cover the entire sky,
i.e., to the range 4¶–90¶. Consistent results can be obtained
by choosing other values of N

side

for a given disc size pro-
vided that the entire sky is covered by the discs. Here, for
simplicity, we work with the same N

side

(= 16) for all disc
sizes.

Our results for the measured amplitude of the variance
asymmetry, compared to the values from the simulations,
as well as the corresponding dipole directions, are shown in
Fig. 27. The p-values are given for di�erent disc sizes and
in terms of the number of simulations with local-variance
dipole amplitudes greater than the ones measured from the
data. Note that since the discs with di�erent sizes used in
our analysis are correlated, the significance levels are also
correlated. For this reason we choose to show the p-values
as a function of disc size instead of combining them into a
single number. Moreover, it should be noted that the signif-
icance values we present here do not incorporate any correc-
tions to account for the choice of parameters adopted during
method calibration, specifically the dipole amplitudes and
directions for the anisotropic simulations that were used to
fix the range of disc sizes and number of patches.

It can be seen from the upper panel of Fig. 27 that for
the unfiltered map the significance of the power asymmetry
drops quickly when we increase the disc size to radii greater

than 16¶. This is no longer the case, however, when the low-
est multipoles are filtered out. For example, when the filter
scale is set to ¸

0

= 5, i.e., when the very low multipoles
which are a�ected most by cosmic variance are suppressed,
the variance asymmetry is detected at the 3 ‡ level for all
disc sizes, as shown in Fig. 27. Table 20 presents the p-
values of the variance asymmetry using 8¶ discs and for
various values of ¸

0

. Our results show that variance asym-
metry is detected with a remarkable significance for all disc
sizes when very low multipoles are filtered out. In addition,
the variance asymmetry amplitude slowly decreases with
increasing ¸

0

, as seen in the upper panel of Fig. 28. For
¸

0

& 20, the dipole amplitude becomes too small and we
find no significant variance asymmetry. It is interesting to
note, however, that the dipole directions found for large ¸

0

are closely aligned with those found for ¸
0

< 20.

Table 20. p-values for the variance asymmetry measured by 8¶

discs for the four component-separated temperature maps and
di�erent high-pass filter scales. The values represent the fraction
of simulations with local-variance dipole amplitudes larger than
those inferred from the data.

p-value [%]

¸

0

Comm. NILC SEVEM SMICA
Unfiltered . . 0.1 0.1 0.1 0.1
5 . . . . . . . . . . <0.1 <0.1 <0.1 <0.1
10 . . . . . . . . . <0.1 <0.1 <0.1 <0.1
15 . . . . . . . . . 0.1 0.0 0.1 <0.1
20 . . . . . . . . . 0.4 <0.1 0.3 0.2
30 . . . . . . . . . 1.8 0.8 1.8 1.7

The lower panel of Fig. 27 shows the dipole directions
we find using di�erent disc sizes and di�erent filter scales for
SMICA. The dipole directions for the Commander, NILC, and
SEVEM component-separated maps are very similar to those
shown. The asymmetry directions found here are consistent
with those determined by other analyses in this paper.

In the upper panel of Fig. 28, we show the local-
variance dipole amplitudes for the 8¶ discs as a function
of the central multipole of the high-pass filter, ¸

0

. In the
lower panel of the same figure we show, as an example,
the mean-subtracted and inverse-variance-weighted local-
variance map using 8¶ discs for the Commander component-
separation method. The pixels of the map are given in terms
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centre and may be associated with a cold region crossing
the Galactic plane. However, as with the peak counts, it
cannot be interpreted as statistically anomalous.

5.7. The Cold Spot
Since its discovery in the WMAP first-year data (Vielva
et al. 2004), the Cold Spot, centred at Galactic coordi-
nates (l, b) = (210¶, ≠57¶) has been one of the most exten-
sively studied large-scale CMB anomalies. In the 2013 re-
lease (Planck Collaboration XXIII 2014), Planck confirmed
the apparently anomalous nature of this feature in temper-
ature, in terms of the area of the SMHW coe�cients on
angular scales of ¥ 10¶ on the sky; the 2015 release has
also confirmed this feature (see Sects. 4.5.2 and 4.5.3). The
CMB temperature anisotropies around the Cold Spot as ob-
served by Planck are shown in the top panel of Fig. 25. The
peak merger tree within the Cold Spot region is presented
in the lower panel of the figure and provides a multiscale
view of its structure (see Sect. 4.5.4 for details).

The robustness of the detection of the anomalies dis-
cussed in this paper is a non-trivial issue. For the particu-
lar case of the Cold Spot, this has been reviewed by Vielva
(2010), and addressed in detail by Cruz et al. (2006), paying
specific attention to the impact of a posteriori choices. In
particular, the latter study focused on the original test that
indicated the presence of this feature on the sky, confirming
a significance between 1 % and 2 %. An alternative analysis
of the significance based on two statistical tests with di�er-
ent levels of conservativeness was made by McEwen et al.
(2005), providing values of 0.1 % and 4.7 %, respectively.
The statistical significance of the Cold Spot was questioned
by Zhang & Huterer (2010) who found a low significance
after performing a study based on di�erent kernels. As dis-
cussed in more detail by Vielva (2010), this result can also
be interpreted as evidence that not all kernels are neces-
sarily suitable for the detection of arbitrary non-Gaussian
features.

The possibility that the Cold Spot arises from instru-
mental systematics (Vielva et al. 2004) or foreground resid-
uals (Liu & Zhang 2005; Cruz et al. 2006) has been largely
rejected. However, several non-standard physical mecha-
nisms have been proposed as possible explanations. These
include the gravitational e�ect produced by a collapsing
cosmic texture (Cruz et al. 2007), the linear and nonlin-
ear ISW e�ect caused by a void in the large-scale structure
(e.g., Tomita 2005; Inoue & Silk 2006; Rudnick et al. 2007;
Tomita & Inoue 2008; Finelli et al. 2014), a cosmic bub-
ble collision within the eternal inflation framework (Czech
et al. 2010; Feeney et al. 2011; McEwen et al. 2012), and a
localized version of the inhomogeneous reheating scenario
within the inflationary paradigm (Bueno Sanchez 2014).

Since the other scenarios lack additional evidence, the
void hypothesis would seem to be the most plausible, de-
pending on the sizes, density contrasts, and profiles as-
sumed in the computations, some of which are not in agree-
ment with either observation (Cruz et al. 2008) or current
N -body studies (Cai et al. 2010; Watson et al. 2014). How-
ever, Szapudi et al. (2014) have recently detected a large
void in the WISE-2MASS galaxy catalogue aligned with the
Cold Spot, with an estimated radius of around 200h≠1 Mpc,
an averaged density contrast of ”̄ ¥ ≠0.1, and centred on a
redshift of z ¥ 0.15. Large voids with similar characteristics
are not unusual in the standard �CDM model (Nadathur

Table 19. Probabilities of obtaining values for the ‰

2 statistic
of the angular profiles of the estimators shown in Fig. 26 larger
than those determined from the data.

Probability [%]
Angular profiles Comm. NILC SEVEM SMICA

Mean . . . . . . . . . . . . 0.9 0.8 1.0 0.9
Variance . . . . . . . . . . 40.0 40.0 38.0 42.0
Skewness . . . . . . . . . 79.0 82.0 85.0 80.0
Kurtosis . . . . . . . . . . 75.0 56.0 75.0 77.0

et al. 2014). In fact, N -body simulations predict about 20
such voids in the local Universe (z < 0.5). However, Zibin
(2014) and Nadathur et al. (2014) indicate that the ex-
pected signal due to the linear and nonlinear ISW e�ects
caused by this structure is not large enough to explain the
temperature decrement associated with the Cold Spot.

The new Planck data release allows us to further ex-
plore the statistical nature of the Cold Spot. Two previous
studies (Zhao 2013; Gurzadyan et al. 2014) have claimed
inconsistencies of the internal properties of the Cold Spot
with the Gaussian hypothesis, which we re-address here. In
particular, we consider the small-scale fluctuations within
a disc-like region of radius ¥ 25¶.

Several statistical quantities are computed from the full-
resolution temperature maps within the Cold Spot region.
This is divided into a central disc of diameter 1¶ surrounded
by a set of 13 concentric annuli with central radii spaced
in steps of about 2¶, thus allowing us to build angular pro-
files for the mean, variance, skewness, and kurtosis. These
are then compared to specialized CMB realizations, gen-
erated as follows. A set of Gaussian CMB skies is simu-
lated using the FFP8 reference spectrum, and convolved
with a Gaussian beam of 5Õ FWHM. As for the FFP8 sim-
ulations themselves, these maps are rescaled, as discussed
previously. Only those that contain a spot as extreme as
the Cold Spot at a scale R = 300Õ in SMHW space are
retained, and these are rotated such that each simulated
cold spot is relocated to the actual position of the Cold
Spot (this ensures that the noise properties are identical
for both data and simulations). This selection criterion cor-
responds to the characteristic that originally indicated the
presence of the Cold Spot in the observed sky. As a final
step, for each remaining CMB simulation a noise realiza-
tion is added, consistent with each component-separation
method.

The results are presented in Fig. 26. Focusing on the
profile of the mean value, it is apparent that the largest de-
viations from the simulations appear on scales around 15¶,
which corresponds to a hot ring structure, as seen in Fig. 25
and previously discussed in Cayón et al. (2005) and Na-
dathur et al. (2014). Notice that on the smallest scales the
mean profile is also somewhat deviant with respect to the
simulations, but this may be connected to selection bias,
since we are considering CMB simulations containing a spot
that is at least as cold as the Cold Spot. However, if we con-
sider the distribution of the profiles corresponding to the
coldest spots instead of the spots as extreme as the Cold
Spot (removing the bias at the smallest scales) then the
results do not change substantially (see below).

In order to quantify possible deviations from Gaussian-
ity, we determine the probability of finding a ‰2 value larger
than that of the data for each statistic, as summarized in
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See	Airam’s	talk	for	further	studies.	

(Planck	collabora4on	XVI	2016)	



Stacking in polarization 

The stacking in polarization probes degree angular 
scales and shows good consistency with Gaussianity. 

Stacking of polarization patches at 
temperature peak positions (T>0σ) 

Commander Simulation 
Planck Collaboration: Isotropy and statistics of the CMB

stacked images of temperature patches around hot spots se-
lected above the null threshold for both the Commander data
and a corresponding simulation are shown in the top row of
Fig. 40. The observed patterns are in excellent agreement.
Stacking around cold spots yields similar patterns but with
flipped sign. Given the symmetry, it is often useful to con-
sider the radial profile obtained by averaging the stacked
image over the azimuthal angle „. Fig. 41 shows such a
profile determined from the stacked temperature image.

At this point, it is useful to consider the underlying
physics represented by the various patterns in the stacked
images. During recombination, the sound horizon extends
an angle ◊

s

= r
s

/D
A

¥ 0.011 (0.61¶), where r
s

¥ 0.15 Gpc
is the size of the sound horizon at recombination and
D

A

¥ 14 Gpc is the angular-diameter distance to the last
scattering surface. To understand the ring patterns in the
stacking image, projection e�ects must be taken into ac-
count. Firstly, all 3D modes with wavenumber k Ø ¸/D

A

contribute to a 2D ¸-mode. More modes contribute to,
and therefore enhance the power at lower ¸. For the first
acoustic peak, the net e�ect is a fi/4 phase shift towards
lower ¸, such that ¸

s

¥ (fi ≠ fi/4)/◊
s

¥ 220. The pro-
jected acoustic scale on the temperature map is of order
◊2D

s

= fi/¸
s

= 0.014 (0.81¶). Secondly, the stacked 2D
modes around peaks interfere with each other. The first
dark ring appears at 1.22◊2D

s

¥ 0.017 (1.0¶). The factor
1.22 is the ratio of the first minimum of the projection ker-
nel, the Bessel function J

0

, to the first minimum of the
unprojected cosine wave.

The dark ring can also be regarded as a consequence
of the correlation between T and ≠Ò2T . At the tempera-
ture maxima ≠Ò2T is positive, with an amplitude of or-
der T

peak

/(◊2D

s

)2. Thus, the quadratic terms in the local
expansion of the temperature field have a negative contri-
bution that grows as ≠T

peak

(È/◊2D

s

)2. At È & ◊2D

s

the
quadratic terms dominate and the T -(≠Ò2T ) correlation
becomes negative. Meanwhile, the T -(≠Ò2T ) correlation
tends to zero on the scale È & ◊2D

s

, where the temperature
autocorrelation becomes weak and the local quadratic ex-
pansion starts to fail. As shown in Fig. 41, the dark ring
appears at the critical point where the T -(≠Ò2T ) correla-
tion reaches its minimum and turns back toward zero.

We have discussed the projection e�ects that make the
projected radial acoustic scale on a stacked T image larger
than ◊

s

. For Q
r

, the most striking patterns in the image
have more intuitive simple explanations, since the stacking
is essentially the real-space equivalent of the temperature
polarization correlation. The projection function contains
an extra ¸2 factor, which enhances the high-¸ power and
reduces the projected radial acoustic scale, coincidentally,
back to ¥ ◊

s

. The quadrupole responsible for the polariza-
tion around peaks is induced by gravity on angular scales
larger than twice the size of the horizon at decoupling. In
the case of an overdensity, this causes a flow of photons
towards the gravitational well on these scales, inducing a
quadrupolar pattern (see, e.g. Coulson et al. 1994). The
spherical symmetry of the gravitational interaction causes
a rotation of the quadrupole in the vicinity of the well, re-
sulting in a radial configuration in polarization. This radial
polarization pattern implies Q

r

> 0 and an overdensity im-
plies T < 0 by the Sachs-Wolfe formulae, which leads to
anticorrelation on these scales. Similarily, an underdensity
leads to an outward flow and induces a tangential polariza-
tion pattern, once again leading to anticorrelation on these

Fig. 40. From top to bottom, T , Q, U , Q

r

, and U

r

stacked
images (in µK units) extracted around temperature hot spots
selected above the null threshold (‹ = 0) in the Commander sky
map for data (left column) and an equivalent simulation (right
column). The horizontal and vertical axes of the flat-sky projec-
tion are labelled in degrees.
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stacked images of temperature patches around hot spots se-
lected above the null threshold for both the Commander data
and a corresponding simulation are shown in the top row of
Fig. 40. The observed patterns are in excellent agreement.
Stacking around cold spots yields similar patterns but with
flipped sign. Given the symmetry, it is often useful to con-
sider the radial profile obtained by averaging the stacked
image over the azimuthal angle „. Fig. 41 shows such a
profile determined from the stacked temperature image.
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bution that grows as ≠T

peak

(È/◊2D

s

)2. At È & ◊2D

s

the
quadratic terms dominate and the T -(≠Ò2T ) correlation
becomes negative. Meanwhile, the T -(≠Ò2T ) correlation
tends to zero on the scale È & ◊2D

s

, where the temperature
autocorrelation becomes weak and the local quadratic ex-
pansion starts to fail. As shown in Fig. 41, the dark ring
appears at the critical point where the T -(≠Ò2T ) correla-
tion reaches its minimum and turns back toward zero.

We have discussed the projection e�ects that make the
projected radial acoustic scale on a stacked T image larger
than ◊

s

. For Q
r

, the most striking patterns in the image
have more intuitive simple explanations, since the stacking
is essentially the real-space equivalent of the temperature
polarization correlation. The projection function contains
an extra ¸2 factor, which enhances the high-¸ power and
reduces the projected radial acoustic scale, coincidentally,
back to ¥ ◊

s

. The quadrupole responsible for the polariza-
tion around peaks is induced by gravity on angular scales
larger than twice the size of the horizon at decoupling. In
the case of an overdensity, this causes a flow of photons
towards the gravitational well on these scales, inducing a
quadrupolar pattern (see, e.g. Coulson et al. 1994). The
spherical symmetry of the gravitational interaction causes
a rotation of the quadrupole in the vicinity of the well, re-
sulting in a radial configuration in polarization. This radial
polarization pattern implies Q

r

> 0 and an overdensity im-
plies T < 0 by the Sachs-Wolfe formulae, which leads to
anticorrelation on these scales. Similarily, an underdensity
leads to an outward flow and induces a tangential polariza-
tion pattern, once again leading to anticorrelation on these

Fig. 40. From top to bottom, T , Q, U , Q

r

, and U

r

stacked
images (in µK units) extracted around temperature hot spots
selected above the null threshold (‹ = 0) in the Commander sky
map for data (left column) and an equivalent simulation (right
column). The horizontal and vertical axes of the flat-sky projec-
tion are labelled in degrees.
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Fig. 42. Mean radial profiles of T , Q

r

and U

r

in µK obtained for Commander (red), NILC (orange), SEVEM (green) and SMICA
(blue). Each individual panel contains (top) the mean radial profiles and (bottom) the di�erences (denoted Di�) between the mean
profiles of the data and those computed from the ensemble mean of the simulations. Results based on stacks around temperature
hot and cold spots are shown in the left and right columns respectively. Upper plots present results for peaks selected above the
null threshold, lower plots show the equivalent results for peak amplitudes above (hot spots) or below (cold spots) 3 times the
dispersion of the temperature map. The black dots (connected by dashed lines) depict the mean profiles and the shaded regions
correspond to the 1 ‡ (68 %) and 2 ‡ (95 %) error bars. The mean profiles and error bars are determined from SEVEM simulations.
Note that the Di� curves for each component separation method are computed using the corresponding ensemble average, although
only the ensemble average from SEVEM is shown here.

Fig. 43. ‰

2 distributions obtained from the T (left column), Q

r

(middle column) and U

r

(right column) mean radial profiles cen-
tred on temperature hot spots selected above the null threshold
(upper row) and three times the dispersion of the map (bottom
row). The black lines correspond to the theoretical ‰

2 distri-
bution with 12 degrees of freedom, whist the histograms show
the distributions determined from 100 simulations computed
through the Commander (red), NILC (orange), SEVEM (green) and
SMICA (blue) pipelines. The vertical lines represent the ‰

2 values
obtained from the data.

axis, is correlated with the map that is being stacked. Thus,
the stacking methodology in Sect. 7.1 is considered unori-
ented, because the orientation is defined relative to the local
meridian pointing towards the Galactic South, rather than
any property of the data itself. Alternate approaches to
unoriented stacking can also be considered. In this subsec-

Table 27. p-values of the T , Q

r

and U

r

angular profiles com-
puted from the stacking of hot and cold spots selected above the
‹ = 0 and ‹ = 3 thresholds.

Probability [%]

Comm. NILC SEVEM SMICA
‹ = 0 (hot spots)

T . . . . . . . . . . . . 8 3 7 5
Q

r

. . . . . . . . . . . 4 5 3 3
U

r

. . . . . . . . . . . 93 28 75 44
‹ = 3 (hot spots)

T . . . . . . . . . . . . 18 16 22 21
Q

r

. . . . . . . . . . . 34 23 31 19
U

r

. . . . . . . . . . . 28 61 21 50
‹ = 0 (cold spots)

T . . . . . . . . . . . . 23 38 29 39
Q

r

. . . . . . . . . . . 86 85 63 78
U

r

. . . . . . . . . . . 14 11 39 34
‹ = 3 (cold spots)

T . . . . . . . . . . . . 24 21 23 20
Q

r

. . . . . . . . . . . 21 51 29 52
U

r

. . . . . . . . . . . 30 13 30 8

tion, the orientation of each patch is chosen randomly from
a uniform distribution in [0, 2fi). The unoriented T and Q

r

images can then be directly compared with previous sec-
tions.

For unoriented stacking, the ensemble average of stacked
fields cannot result in any intrinsic „-dependence, as this
would be averaged out by the uncorrelated orientation
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The shift in the temperature profile can be best seen 
with the ΔµT statistic (2σ significance). 
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the dynamics of the photon fluid. The acoustic oscillations
modulate the polarization pattern leading to the di�erent
rings in the stacked images. The most noticeable rings in the
stacked Q

r

image are approximately at ◊
s

and 2◊
s

. Thanks
to the ¸2 enhancement, multiple acoustic peaks in the T -
E power spectrum may be captured and projected into
ring patterns in the stacked polarization images. Illustra-
tively, as photons flow towards the overdensity, they are
compressed. The temperature is therefore increased, and
it slows down the rate of the fluid descent into the well.
Eventually, the radiation pressure becomes large enough to
reverse the photon flow. This expansion cools the photons
until they fall back towards the well. Note that the result-
ing inner ring was not observed in the WMAP analysis
(Komatsu et al. 2011) since the resolution was too low.

Figure. 40 clearly reveals all of the features described
above. The two bright rings at ◊

s

¥ 0.011 (0.6¶) and 2◊
s

¥
0.021 (1.2¶) are the predicted patterns associated with the
first CT E

¸

acoustic peak at ¸ ¥ 310, while the two faint
rings are a striking illustration of the detection of multiple
acoustic peaks in the T -E power spectrum. The large-scale
anti-correlation is suppressed due to the scale-dependent
bias which results from the fact that peaks are defined by
the second derivatives of the temperature field (Desjacques
2008).

We are now in a position to discuss the consistency of
the Planck results with the predictions of a �CDM cosmol-
ogy. For simplicity, further analysis is focused on the angu-
lar profiles, and specifically the mean, µ(◊), estimated as the
average of the angular profiles around all hot (cold) peaks
above (below) a certain threshold ‹. This analysis is per-
formed directly on the sphere to avoid any repixelisation er-
ror. Note that the expected value of the mean temperature
angular profile is proportional to

s
¸d¸CTT

¸

J
0

(¸◊), whilst
the expected values of the Q

r

and U
r

mean angular profiles
are proportional to approximately ≠

s
¸d¸CTE

¸

J
2

(¸◊) and
≠

s
¸d¸CTB

¸

J
2

(¸◊), respectively. Since T is parity-even and
B parity-odd, the expectation value for CTB

¸

is zero, and
the U

r

mean angular profile is therefore expected to vanish.
A ‰2 estimator is used to quantify the di�erences be-

tween the profiles obtained from the data and the expected
values estimated with simulations:

‰2 = [µ(◊) ≠ µ̄(◊)] C

≠1 [µ(◊) ≠ µ̄(◊)]t , (62)

with the covariance matrix defined as

C(i, j) = 1
N ≠ 1

Nÿ

k=1

[µ
k

(◊
i

) ≠ µ̄(◊
i

)] [µ
k

(◊
j

) ≠ µ̄(◊
j

)], (63)

where the index k denotes a simulation, N is the total num-
ber of simulations used to estimate this matrix and µ̄(◊) is
the ensemble average. Note that although the profiles in
Fig. 40 are derived from data at a resolution N

side

= 1024,
faster convergence of the ‰2 statistic is achieved using maps
at a lower resolution. We have verified that the results re-
main unchanged when adopting data with N

side

= 512.
Figure 42 presents a comparison between the profiles ob-

tained from the component separated data and the mean
value estimated from simulations processed through the
SEVEM pipeline. Note that the error bars for the temper-
ature profiles are asymmetric due to a bias in the selection
of the peaks above a given threshold. Results for hot and
cold spots at two di�erent thresholds, ‹ = 0 and ‹ = 3, are

shown. There is generally excellent agreement between the
di�erent component separation methods and some interest-
ing features are as follows. A systematic deviation between
the data and the simulations for the hot peaks in temper-
ature (‹ = 0) is seen at a level greater than 1 ‡. This dis-
crepancy increases at higher thresholds, reaching values of
about 2 ‡ for the ‹ = 3 case. Similar behaviour is seen for
the cold spots. For the Q

r

angular profiles, the most striking
di�erences appear around ◊ = 2¶ in the ‹ = 3 case for hot
peaks, and around ◊ = 1¶.5 for the cold peaks. For the U

r

angular profiles, where a null signal is expected (i.e., only
noise is expected to be present), deviations at similar levels
are seen.

Table 27 presents the corresponding p-values for this
comparison. A theoretical ‰2 distribution is used to deter-
mine the probability that a sky drawn from the �CDM
cosmology has a value larger than that derived from the
data. We have verified this approach by comparing the em-
pirical ‰2 distribution estimated from 100 simulations (in
which the mean value and the covariance matrix are com-
puted from a further 900 simulations) with the theoretical
distribution with the corresponding degrees of freedom (see
Fig. 43). The ‰2 value of the data is then estimated using
the mean value and the covariance matrix determined from
simulations. Although some di�erences are found among
the component separation methods, a general consistency
between model and data is found.

Although the ‰2 test has the advantage of being sen-
sitive to di�erent types of deviations between model and
data, does not assume prior knowledge about possible de-
partures from the model, and can account for correlations
between the various tests from which is constructed, never-
theless it can be suboptimal under certain conditions. This
appears to be the case when considering the systematic shift
between data and simulations seen in the temperature pro-
files µ

T

– the ‰2 is not particularly sensitive to systematic
deviations of constant sign. We therefore consider an alter-
native quantity, the integrated profile deviation, defined as
follows,

�µ
T

(W ) =
⁄

R

0

[µ
T

(◊) ≠ µ̄
T

(◊)] W (◊)d◊ , (64)

where R, the size of stacking patches, is taken to be 3.5
degrees in this case. The weighting function is chosen to be
proportional to the expected profile but the results are ro-
bust for other choices, e.g., W = 1. The p-values obtained
in this case are given in Table 28. These are consistent with
what might be expected from visual inspection of the plots,
i.e., the deviations are typically close to 2 ‡. These devia-
tions are likely to be connected to the deficit in the ob-
served power spectrum at low multipoles, as may be seen
in Fig. 41. Here, the purple dashed line indicates the reduc-
tion in µ̄

T

if the theoretical C
¸

values are reduced by 10 %
over the range 2 Æ ¸ Æ 50.

7.2. Generalized stacking
In this section, a much wider class of stacking methods is
introduced, with particular emphasis on oriented stacking, a
novel approach that has not been explored in the literature
yet.

We regard the stacking as oriented if the orientation
of the local coordinate frame, and in particular the „ = 0
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Fig. 42. Mean radial profiles of T , Q

r

and U

r

in µK obtained for Commander (red), NILC (orange), SEVEM (green) and SMICA
(blue). Each individual panel contains (top) the mean radial profiles and (bottom) the di�erences (denoted Di�) between the mean
profiles of the data and those computed from the ensemble mean of the simulations. Results based on stacks around temperature
hot and cold spots are shown in the left and right columns respectively. Upper plots present results for peaks selected above the
null threshold, lower plots show the equivalent results for peak amplitudes above (hot spots) or below (cold spots) 3 times the
dispersion of the temperature map. The black dots (connected by dashed lines) depict the mean profiles and the shaded regions
correspond to the 1 ‡ (68 %) and 2 ‡ (95 %) error bars. The mean profiles and error bars are determined from SEVEM simulations.
Note that the Di� curves for each component separation method are computed using the corresponding ensemble average, although
only the ensemble average from SEVEM is shown here.

Fig. 43. ‰

2 distributions obtained from the T (left column), Q

r

(middle column) and U

r

(right column) mean radial profiles cen-
tred on temperature hot spots selected above the null threshold
(upper row) and three times the dispersion of the map (bottom
row). The black lines correspond to the theoretical ‰

2 distri-
bution with 12 degrees of freedom, whist the histograms show
the distributions determined from 100 simulations computed
through the Commander (red), NILC (orange), SEVEM (green) and
SMICA (blue) pipelines. The vertical lines represent the ‰

2 values
obtained from the data.

axis, is correlated with the map that is being stacked. Thus,
the stacking methodology in Sect. 7.1 is considered unori-
ented, because the orientation is defined relative to the local
meridian pointing towards the Galactic South, rather than
any property of the data itself. Alternate approaches to
unoriented stacking can also be considered. In this subsec-

Table 27. p-values of the T , Q

r

and U

r

angular profiles com-
puted from the stacking of hot and cold spots selected above the
‹ = 0 and ‹ = 3 thresholds.

Probability [%]

Comm. NILC SEVEM SMICA
‹ = 0 (hot spots)

T . . . . . . . . . . . . 8 3 7 5
Q

r

. . . . . . . . . . . 4 5 3 3
U

r

. . . . . . . . . . . 93 28 75 44
‹ = 3 (hot spots)

T . . . . . . . . . . . . 18 16 22 21
Q

r

. . . . . . . . . . . 34 23 31 19
U

r

. . . . . . . . . . . 28 61 21 50
‹ = 0 (cold spots)

T . . . . . . . . . . . . 23 38 29 39
Q

r

. . . . . . . . . . . 86 85 63 78
U

r

. . . . . . . . . . . 14 11 39 34
‹ = 3 (cold spots)

T . . . . . . . . . . . . 24 21 23 20
Q

r

. . . . . . . . . . . 21 51 29 52
U

r

. . . . . . . . . . . 30 13 30 8

tion, the orientation of each patch is chosen randomly from
a uniform distribution in [0, 2fi). The unoriented T and Q

r

images can then be directly compared with previous sec-
tions.

For unoriented stacking, the ensemble average of stacked
fields cannot result in any intrinsic „-dependence, as this
would be averaged out by the uncorrelated orientation
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the dynamics of the photon fluid. The acoustic oscillations
modulate the polarization pattern leading to the di�erent
rings in the stacked images. The most noticeable rings in the
stacked Q

r

image are approximately at ◊
s

and 2◊
s

. Thanks
to the ¸2 enhancement, multiple acoustic peaks in the T -
E power spectrum may be captured and projected into
ring patterns in the stacked polarization images. Illustra-
tively, as photons flow towards the overdensity, they are
compressed. The temperature is therefore increased, and
it slows down the rate of the fluid descent into the well.
Eventually, the radiation pressure becomes large enough to
reverse the photon flow. This expansion cools the photons
until they fall back towards the well. Note that the result-
ing inner ring was not observed in the WMAP analysis
(Komatsu et al. 2011) since the resolution was too low.

Figure. 40 clearly reveals all of the features described
above. The two bright rings at ◊

s

¥ 0.011 (0.6¶) and 2◊
s

¥
0.021 (1.2¶) are the predicted patterns associated with the
first CT E

¸

acoustic peak at ¸ ¥ 310, while the two faint
rings are a striking illustration of the detection of multiple
acoustic peaks in the T -E power spectrum. The large-scale
anti-correlation is suppressed due to the scale-dependent
bias which results from the fact that peaks are defined by
the second derivatives of the temperature field (Desjacques
2008).

We are now in a position to discuss the consistency of
the Planck results with the predictions of a �CDM cosmol-
ogy. For simplicity, further analysis is focused on the angu-
lar profiles, and specifically the mean, µ(◊), estimated as the
average of the angular profiles around all hot (cold) peaks
above (below) a certain threshold ‹. This analysis is per-
formed directly on the sphere to avoid any repixelisation er-
ror. Note that the expected value of the mean temperature
angular profile is proportional to

s
¸d¸CTT

¸

J
0

(¸◊), whilst
the expected values of the Q

r

and U
r

mean angular profiles
are proportional to approximately ≠

s
¸d¸CTE

¸

J
2

(¸◊) and
≠

s
¸d¸CTB

¸

J
2

(¸◊), respectively. Since T is parity-even and
B parity-odd, the expectation value for CTB

¸

is zero, and
the U

r

mean angular profile is therefore expected to vanish.
A ‰2 estimator is used to quantify the di�erences be-

tween the profiles obtained from the data and the expected
values estimated with simulations:

‰2 = [µ(◊) ≠ µ̄(◊)] C

≠1 [µ(◊) ≠ µ̄(◊)]t , (62)

with the covariance matrix defined as

C(i, j) = 1
N ≠ 1

Nÿ

k=1

[µ
k

(◊
i

) ≠ µ̄(◊
i

)] [µ
k

(◊
j

) ≠ µ̄(◊
j

)], (63)

where the index k denotes a simulation, N is the total num-
ber of simulations used to estimate this matrix and µ̄(◊) is
the ensemble average. Note that although the profiles in
Fig. 40 are derived from data at a resolution N

side

= 1024,
faster convergence of the ‰2 statistic is achieved using maps
at a lower resolution. We have verified that the results re-
main unchanged when adopting data with N

side

= 512.
Figure 42 presents a comparison between the profiles ob-

tained from the component separated data and the mean
value estimated from simulations processed through the
SEVEM pipeline. Note that the error bars for the temper-
ature profiles are asymmetric due to a bias in the selection
of the peaks above a given threshold. Results for hot and
cold spots at two di�erent thresholds, ‹ = 0 and ‹ = 3, are

shown. There is generally excellent agreement between the
di�erent component separation methods and some interest-
ing features are as follows. A systematic deviation between
the data and the simulations for the hot peaks in temper-
ature (‹ = 0) is seen at a level greater than 1 ‡. This dis-
crepancy increases at higher thresholds, reaching values of
about 2 ‡ for the ‹ = 3 case. Similar behaviour is seen for
the cold spots. For the Q

r

angular profiles, the most striking
di�erences appear around ◊ = 2¶ in the ‹ = 3 case for hot
peaks, and around ◊ = 1¶.5 for the cold peaks. For the U

r

angular profiles, where a null signal is expected (i.e., only
noise is expected to be present), deviations at similar levels
are seen.

Table 27 presents the corresponding p-values for this
comparison. A theoretical ‰2 distribution is used to deter-
mine the probability that a sky drawn from the �CDM
cosmology has a value larger than that derived from the
data. We have verified this approach by comparing the em-
pirical ‰2 distribution estimated from 100 simulations (in
which the mean value and the covariance matrix are com-
puted from a further 900 simulations) with the theoretical
distribution with the corresponding degrees of freedom (see
Fig. 43). The ‰2 value of the data is then estimated using
the mean value and the covariance matrix determined from
simulations. Although some di�erences are found among
the component separation methods, a general consistency
between model and data is found.

Although the ‰2 test has the advantage of being sen-
sitive to di�erent types of deviations between model and
data, does not assume prior knowledge about possible de-
partures from the model, and can account for correlations
between the various tests from which is constructed, never-
theless it can be suboptimal under certain conditions. This
appears to be the case when considering the systematic shift
between data and simulations seen in the temperature pro-
files µ

T

– the ‰2 is not particularly sensitive to systematic
deviations of constant sign. We therefore consider an alter-
native quantity, the integrated profile deviation, defined as
follows,

�µ
T

(W ) =
⁄

R

0

[µ
T

(◊) ≠ µ̄
T

(◊)] W (◊)d◊ , (64)

where R, the size of stacking patches, is taken to be 3.5
degrees in this case. The weighting function is chosen to be
proportional to the expected profile but the results are ro-
bust for other choices, e.g., W = 1. The p-values obtained
in this case are given in Table 28. These are consistent with
what might be expected from visual inspection of the plots,
i.e., the deviations are typically close to 2 ‡. These devia-
tions are likely to be connected to the deficit in the ob-
served power spectrum at low multipoles, as may be seen
in Fig. 41. Here, the purple dashed line indicates the reduc-
tion in µ̄

T

if the theoretical C
¸

values are reduced by 10 %
over the range 2 Æ ¸ Æ 50.

7.2. Generalized stacking
In this section, a much wider class of stacking methods is
introduced, with particular emphasis on oriented stacking, a
novel approach that has not been explored in the literature
yet.

We regard the stacking as oriented if the orientation
of the local coordinate frame, and in particular the „ = 0
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Table 28. P-values of �µT computed from the stacking of hot
and cold spots selected above the ‹ = 0 and ‹ = 3 thresholds
from the Commander, NILC, SEVEM and SMICA maps.

Probability [%]

Comm. NILC SEVEM SMICA
Hot spots

T (‹ = 0) . . . . . 96.0 95.8 96.2 97.1
T (‹ = 3) . . . . . 98.6 98.2 98.3 98.7

Cold spots
T (‹ = 0) . . . . . 97.1 96.9 98.1 97.9
T (‹ = 3) . . . . . 92.0 90.6 90.6 93.0

choices. The „-dependence due to a specific choice of rep-
resentation can always be removed via a local rotation. For
example, the ensemble averages of Q+iU around unoriented
temperature peaks is proportional to e2i„. A local rotation
(Q, U) æ (Q

r

, U
r

) (Kamionkowski et al. 1997) removes the
e2i„ factor and compresses the information into a single real
map Q

r

. For oriented stacking, the „-dependence can be a
mixture of a few Fourier modes (eim„, m œ Integers). Each
m mode corresponds to a radial (È-dependent) function.

In what follows, we use the N
side

= 1024 component
separated maps at a resolution of 10Õ FWHM. The use of
this higher resolution as compared to the N

side

= 512 data
used in Sect. 7.1 is motivated by the smaller-scale features
that are expected to result from the oriented stacking.

We also introduce the concept of the noise-free ensemble
average (NFEA), which is defined as the ensemble average
of stacked CMB-only maps for a fiducial cosmology. Re-
call that the fiducial model for the simulated sky maps, the
Planck 2013 best-fit �CDM model (Planck Collaboration
XVI 2014), di�ers from the updated Planck 2015 best-fit
�CDM model (Planck Collaboration XIII 2015). In previ-
ous sections, this mismatch was partially accommodated
by rescaling the CMB signal by a fixed scale-factor. Here,
we instead specifically adopt the 2015 best-fit as a fiducial
model for the data. When comparing the data to the simu-
lations, we subtract the corresponding NFEA to minimize
any bias resulting from cosmology dependence.

In the context of random Gaussian fields, the NFEA can
be computed straightforwardly following (Bardeen et al.
1986):

ÈMÍ =
+
Mw

T

,+
ww

T

,≠1ÈwÍ , (65)

where M is the map (around the central peak) to be
stacked, and w is the collection of Gaussian variables (on
the central peak) that are related to peak selection and ori-
entation determination. Eq. (65) is only valid for random
Gaussian variables. If the patch is rotated before stacking,
the field value evaluated at a dynamic coordinate is, in gen-
eral, not a random Gaussian variable. However, statistical
isotropy guarantees that the rotation of patches is equiva-
lent to an orientation constraint on the nonzero-spin field.
For example, orienting each patch in the direction where
U = 0 and Q > 0 is equivalent to the unoriented stacking
case where only peaks satisfying the additional constraint
≠‘/2 < Arg (Q + iU) < ‘/2 (‘ æ 0+) are selected.

A further source of statistical bias can arise from noise
mismatch between the simulations and the data. Since the
e�ect of noise is to introduce random shifts in the peaks and
hence suppress patterns in the stacked images, any noise

mismatch can lead to pattern mismatch between the data
and simulations. For the temperature data, the contribution
due to noise mismatch is estimated to be at the sub-percent
level, lower than the cosmic variance. For stacking on polar-
ization peaks, the impact of the noise mismatch can not be
safely ignored. Thus, for quantitative comparisons in this
paper, we only consider stacking on temperature peaks.

7.2.1. Oriented Temperature Stacking
The most straightforward way to orient a patch centred on
a temperature peak is to align the horizontal axis with the
semi-major axis defined by a local quadratic expansion of
the temperature field around the peak. The disadvantage of
doing so is that the orientation is dominated by small-scale
fluctuations that are noise-sensitive. A better choice is to
use the semi-major axis of the inverse Laplacian Ò≠2T that
filters out the small-scale power. The inverse Laplacian is
defined as:

Ò≠2T (n̂) := ≠
Œÿ

l=2

lÿ

m=≠l

aT

lm

¸(¸ + 1)Y
lm

(n̂) . (66)

where aT

lm

are the harmonic coe�cients of the masked tem-
perature map. Spin-2 maps Q

T

, U
T

are then defined as:

(Q
T

± iU
T

) (n̂) :=
Œÿ

l=2

lÿ

m=≠l

aT

lm

[ ±2

Y
lm

(n̂)] . (67)

In the flat-sky limit, Q
T

¥ (ˆ2

x

≠ ˆ2

y

)(Ò≠2T ) and U
T

¥
≠2ˆ

x

ˆ
y

Ò≠2T . To align the Ò≠2T -semi-major-axis of the
patches, we rotate each patch such that U

T

vanishes and
Q

T

Ø 0 for the central peak.
Figure 44 presents the stacked images of SMICA temper-

ature patches centred on temperature hot spots selected
above the threshold ‹ = 0, in both unoriented and oriented
forms. These are seen to be in excellent agreement with
their accompanying NFEAs, and, in the case of the unori-
ented stacks, with the results shown in Fig. 40 despite the
di�erent stacking methodologies adopted (and component
separation method selected for visualization purposes).

The oriented T image is notably di�erent from the un-
oriented one. The alignment between the semi-major axis
(of Ò≠2T ) and the x-axis results in an ellipse elongated
along the x-axis, rather than a central disc. Moreover, the
quadratic-term contribution is suppressed along the x-axis
where the temperature profile is smoother, and enhanced
along the y-axis where the temperature profile is sharper.
As a consequence, the dark ring visible in the upper panel
at 1¶ splits into two cold blobs along the y-axis.

To proceed with a quantitative analysis, we extract
Fourier modes T

m

(È) from the stacked map T
stack

(È, „)
as follows:

T
m

(È) := 1
(1 + ”

m0

)fi

⁄
2fi

0

T
stack

(È, „) cos m„ d„ , (68)

where ”
m0

is the Kronecker delta function. For odd m, the
NFEA ÈT

m

Í vanishes due to statistical isotropy. For even m,
a straightforward calculation shows that only T

0

(È), which
is equivalent to µ

T

(È), and T
2

(È) have nonzero NFEAs.
As discussed previously in Sect. 7.1, there are some

shortcomings of the standard ‰2 procedure that is generally
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Fig. 40. From top to bottom, T , Q, U , Q

r

and U

r

stacked images
(in µK units) extracted around temperature hot spots selected
above the null threshold (‹ = 0) in the Commander sky map for
data (left column) and an equivalent simulation (right column).
The x- and y-axes are depicted in degrees, assuming the flat-sky
approximation for small angular distances.
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Fig. 41. The radial profile µT (È) derived from the stacked
temperature image (see Fig. 40 or 44). The denominators ‡

0

and ‡

2

are the theoretical r.m.s. values of CMB T and Ò2

T ,
respectively. The power-deficit ÈµT Í (purple dashed line) is the
theoretical prediction of ÈµT Í if the fiducial model (here the
Planck 2015 best-fit �CDM) C¸’s are reduced by 10 % in the
range 2 Æ ¸ Æ 50.

The dark ring can also be regarded as a conse-
quence of T -(≠Ò2T ) correlation. On the temperature max-
ima (≠Ò2T ) is positive, with an amplitude of order ≥
T

peak

/(◊2D

s

)2. Thus, the quadratic terms in the local expan-
sion of the temperature field have a negative contribution
that grows as ≥ ≠T

peak

(È/◊2D

s

)2. At È & ◊2D

s

the quadratic
terms dominate and T -(≠Ò2T ) correlation becomes nega-
tive. Meanwhile, the T -(≠Ò2T ) correlation tends to zero on
the scale È & ◊2D

s

where the temperature auto-correlation
becomes weak and the local quadratic expansion starts to
fail. As shown in Fig. 41, the dark ring appears at the crit-
ical point where the T -(≠Ò2T ) correlation reaches its min-
imum and turns back toward zero.

We have discussed the projection e�ects that make the
projected radial acoustic scale on a stacked T image larger
than ◊

s

. For Q
r

, the most striking patterns in the image
have intuitive explanations since the stacking is essentially
the real space equivalent of the temperature polarization
correlation. The projection function contains an extra ¸2

factor, which enhances the high-¸ power and reduces the
projected radial acoustic scale, coincidentally, back to ¥ ◊

s

.
The quadrupole responsible for the polarization around
peaks is induced by gravity on angular scales larger than
twice the size of the horizon at decoupling. In the case of
an overdensity, this causes a flow of photons towards the
gravitational well on these scales, inducing a quadrupolar
pattern (see, e.g. Coulson et al. 1994). The spherical sym-
metry of the gravitational interaction causes a rotation of
the quadrupole in the vicinity of the well, resulting in a ra-
dial configuration in polarization. This radial polarization
pattern implies Q

r

> 0 and an overdensity implies T < 0
by the Sachs-Wolfe formulae, which leads to anti-correlation
on these scales. Similarily, an underdensity leads to an out-
ward flow and induces a tangential polarization pattern,
once again leading to anti-correlation on these scales. At
smaller scales, the polarized contribution is dominated by
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It can be connected with the low-l power deficit. 

(Planck	collabora4on	XVI	2016)	



Planck	legacy	papers	

•  The	Planck	collabora4on	is	expected	to	publish	the	legacy	
papers	at	the	end	of	2017.		

•  	The	papers	will	be	based	on	improved	data	regarding	
calibra4on	and	systema4c	effects.	In	par4cular,	the	
polariza4on	maps	will	contain	the	large	angular	scales	that	
were	filtered	out	in	the	2015	release.	

•  The	polariza4on	data	will	provide	independent	informa4on	
about	the	anomalies	and	can	shed	some	light	on	their	
possible	origin.		



Concluding	remarks	

•  Modest	devia4ons	of	isotropy	have	been	found	in	the	CMB	
temperature	data.	

•  	The	devia4ons	are	found	at	large	angular	scales	and	then	their	
significance	is	limited	by	the	cosmic	variance.	

•  Foregrounds	and	systema4cs	can	be	discarded	as	the	cause	of	the	
anomalies.	No	convincing	explana4on	for	their	origin	has	been	
provided.	

•  CMB	Polariza4on	data	represent	an	independent	probe	and	can	
add	further	informa4on	about	the	origin	of	the	anomalies.	

•  The	Planck	collabora4on	will	soon	publish	the	legacy	papers	that	in	
par4cular	will	contain	results	on	tests	of	isotropy	and	sta4s4cs	
based	on	improved	polariza4on	data.			


